Rules for integrands of the form P[x] (d +ex)? (a + bx? + c x*)°

1. J-(d+ex)CI (a+bx?+cx?)Pdx

(d+ex)?
1. j—d]x
Va+bx2+cx?

1
1:j dx
(d+ex) Va+bx?+cx?

Derivation: Algebraic expansion

Basis; +— - —4 _ _ _ex
d+e x d2-e? x2 d?-e? x2
 Rulel1.2.2.5.2.1:

1 1 X
J dlx—>dJ dlx—eJ dx
(d+ex) Va+bx?+cx* (d?-e*x*) Va+bx?+cx? (d*-e*x?) Va+bx*+cx®

Program code:
Int[1/((d_+e_.*x_)*Sqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
d+Int[1/ ((d*2-e”2xx"2) *Sqrt[a+b*x*2+c*x*4]) ,x] - exInt[x/ ((d*2-e”2xx”"2)*Sqrt[a+b*x"2+c*x*4]),x] /;
FreeQ[{a,b,c,d,e},x]
Int[1/((d_+e_.*x_)*xSqrt[a_+c_.*x_"4]),x_Symbol] :=

d+Int[1/ ((d*2-e”2xx"2) *Sqrt[a+c*x*4]),x] - exInt[x/ ((d*2-e”2xx"2)*Sqrt[a+c*x™4]),x] /;
FreeQ[{a,c,d,e},x]

d+ex)?
2: J-%dlx whencd* +bd?e?+ae*#0 A q<-1

Va+bx?+cx?

Derivation: Algebraic expansion

Rule1.2.2.5.2.2.2:If cd* +bd?e? +ae* + @ A g < -1, then



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p
(d+ex)d
J— dx —
Va+bx?+cx?
e3(d+ex)Va+bx?+cxt

(q+1) (cd*+bd?e? +ae?)

+

1 d q+1
J — (d(q+1) (cd?®+be?) e (cd® (q+1) +be? (q+2)) x+cde? (q+1) x*-ce® (q+3) X*) dx

(q+1) (cd4+bd2e2+ae4) Va+bx?+cxt

Program code:

Int[(d_+e_.*x_)"q_/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
e”3x (d+exx) ~ (q+1) *Sqrt[a+b*x*2+c*x*4] / ((q+1) » (cxd*4+bxd"2xe”2+axe”4)) +
1/ ((q+1) * (cxd*4+bxd"*2xe”2+axe”4) ) %
Int[ (d+exx) " (q+1) /Sqrt[a+bxx"2+c+x"4]
Simp[d* (q+1) * (c*d*2+bxe”2) -ex (cC*d 2% (q+1) +bxe”2x (q+2) ) *X+Cxd*e”2x (q+1) ¥*Xx*2-cxe”3x (q+3) *x"3,X] ,X] /5
FreeQ[{a,b,c,d,e},x] &% NeQ[cxd*4+bxd*2xe”2+axe”4,0] && ILtQ[q,-1]

Int[(d_+e_.x*x_)"q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
e”3x (d+exx) ~ (q+1) xSqrt[a+cxx”4]/ ((q+1) x (cxd*4+axe”d)) +
c/ ((q+1) * (cxd*4+axe”d)) *
Int [ (d+exx)”(q+1) /Sqrt[a+Ccxx 4] +Simp[d"3x (q+1) -d"2xex (q+1) xx+dxe"2# (q+1) xx"2-e"3x (q+3) *x"3,x],X] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*4+axe”4,0] && ILtQ[qg,-1]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

p

a+bx +cx) .
2: f dx whenp+ = €z
d+ex 2

Derivation: Algebraic expansion

1ce 1 d ex
Basis: =+ = -
d+e x d?-e? x? d?-e? x

Rule 1.2.2.5.1:If p + 2 € Z, then

p p

J-(a+bx2+cx4) g (a+bx2+cx4)
CALLAL Y L

d+ex d? - e? x?

p

x(a+bx2+cx4)
dx - e dx
d? - e x?

Program code:

Int[ (a_+b_.*x_"2+c_.*x_"4)"p_./ (d_+e_.*x_),x_Symbol] :=
dxInt[ (a+b*x"2+cxx"4)*p/ (d*2-e”*2xx"2) ,x] - exInt[x* (a+bx*x"2+cxx"4) p/ (d*2-e”2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && IntegerQ[p+1/2]

Int[(a_+c_.*x_"4)"p_./(d_+e_.*x_),x_Symbol] :=
d+xInt[ (a+c*x"4)*p/ (d*2-e”2xx"2) ,x] - exInt[xx (a+c*x"4)~ p/ (d*2-e”2xx"2),x] /;
FreeQ[{a,c,d,e},x] && IntegerQ[p+1/2]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

2: JP[X] (d+ex)9 (a+bx®+cx*)?dx when PolynomialRemainder [P[x], d + e X, X] =0

Derivation: Algebraic simplification

Rule: If PolynomialRemainder [P[x], d + e X, X] == 0, then

JP[x] (d+ex)? (a+bx*+cx?)?dx — JPolynomialQuotient [PIx], d+ex, x] (d+ex)* (a+bx*+cx?)?dx

Program code:

Int[Px_x(d_+e_.*x_)"q_.*(a_+b_.*x_"2+c_.*x_"4)"~p_.,x_Symbol] :=
Int[PolynomialQuotient [Px,d+exX,X] * (d+exX)~ (q+1) * (a+b*x"2+cxx"4) ~p,x]| /;
FreeQ[{a,b,c,d,e,p,q},x] & PolyQ[Px,x] & EqQ[PolynomialRemainder [Px,d+exx,x],0]

Int[Px_=(d_+e_.*x_)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol] :=
Int[PolynomialQuotient [Px,d+exX,X] (d+exX)~ (q+1) » (a+cxx*4) ~p,x]| /;
FreeQ[{a,c,d,e,p,q},x] &% PolyQ[Px,x] && EqQ[PolynomialRemainder‘[Px,d+e*x,x],0]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

3: JP[X] (d+ex)? (a+bx*+cx*)?dx when PolynomialRemainder [P[x], a+bx?+cx*, x| =

Derivation: Algebraic simplification

Rule: If PolynomialRemainder|[P[x], a+bx?+cx*, x| = @,then

JP[x] (d+ex)? (a+bx*+cx?)?Pdx — jPolynomialQuotient[P[x], a+bx®+cx?, x] (d+ex)? (a+bx? +cx“)ID+1 dx

Program code:

Int[Px_x(d_+e_.*x_)"q_.*(a_+b_.*x_"2+c_.*x_"4)"~p_.,x_Symbol] :=
Int [PolynomialQuotient [PX,a+b*X"2+Cc*x*4,X] * (d+exX) *q* (a+b*x"*2+c*x"4) ~ (p+1) ,x] /5
FreeQ[{a,b,c,d,e,p,q},x] & PolyQ[Px,x] & EqQ[PolynomialRemainder [Px,a+b»x"2+cxx"4,x],0]

Int[Px_=(d_+e_.*x_)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol] :=
Int[PolynomialQuotient [PX,a+CxXx"4,X] * (d+exX) qx (a+Cxx 4) " (p+1) ,x]| /;
FreeQ[{a,c,d,e,p,q},x] &% PolyQ[Px,x] && EqQ[PolynomialRemainder[Px,a+c*x"4,x],0]

dx when cd*+bd?*e?+ae*#0

4 J‘(d+ex)q (A+Bx+Cx2+Dx3)

Va+bx?+cxt

1 J‘(d+ex)q(A+Bx+Cx2+Dx3)

Va+bx?+cx?

(d+ex) (A+Bx+Cx?)

Va+bx?+cx*

dx when cd*+bd?e?+ae*#0 A q>0

dx whencd*+bd?’e?2+ae*#0 A q>0

Derivation: Algebraic expansion
Basis: (d+ex) (A+Bx+Cx*) =Ad+ (Bd+Ae) x+ (Cd+Be) x*+Cex?

Rule1.2.2.5.2.2.2:1f cd*+bd?e? +ae* +0 A g > 0, then



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

(d+ex) (A+Bx+Cx?) (d+ex)%* (Ad+ (Bd+Ae) x+ (Cd+Be) x> +Cex?)
dlx—>j dx

Va+bx?+cx? Va+bx?+cx?

Program code:

Int[Px_x(d_+e_.*x_)"q_/Sqrt[a_+b_.x*x_"2+c_.*x_"4],x_Symbol] :=

With[{A=Coeff [Px,x,@],B=Coeff[Px,X,1],C=Coeff [Px,x,2],D=Coeff[Px,X,3]},

Int[ (d+exx)” (q-1) » (Axd+ (Bxd+Axe) *X+ (Cxd+Bxe) *x*2+Cxexx"3) /Sqrt[a+b*x"2+cxx"4],X] ] /8
FreeQ[{a,b,c,d,e},x] && PolyQ[Px,x] && LeQ[Expon[Px,x],2] && NeQ[c*d*4+bxd*2xe”2+axe”4,0] && GtQ[q,0]

Int[Px_= (d_+e_.*x_)~q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=

With [ {A=Coeff [Px,x,0] ,B=Coeff[Px,X,1],C=Coeff[Px,x,2],D=Coeff[Px,X,3]},

Int[ (d+e*x) " (q-1) » (Axd+ (Bxd+Axe) xx+ (Cxd+Bxe) xx*2+Cxexx"3) /Sqrt[a+c*x"4],X] ] /5
FreeQ[{a,c,d,e},x] && PolyQ[Px,x] && LeQ[Expon[Px,x],2] && NeQ[cxd*4+axe”4,0] && GtQ[q,0]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

(d+ex)? (A+Bx+Cx*+Dx?)
Z:J dx whencd*+bd?’e?+ae*#0 A q>0

YVa+bx?+cx?

Rule1.2.2.5.2.2.2:1f cd*+bd?e?+ae*+0 A g > 0, then

J(d+ex)q (A+Bx+Cx*+Dx?)

dx —
Va+bx?+cx?
D(d+ex)9Va+bx?+cx* 1 J (d + ex)9?
c (q+2) c (q+2) ‘/a+bx2+cx4

(aDeq-Acd (q+2) + (bdD-Bcd (q+2) -Ace (q+2)) x+ (bDe (q+1) -c (Cd+Be) (q+2)) xX’-c (dDq+Ce (q+2)) X*) dx

Program code:

Int[Px_x(d_+e_.*x_)"q_/Sqrt[a_+b_.x*x_"2+c_.*x_"4],x_Symbol] :=
With [ {A=Coeff [Px,X,0] ,B=Coeff [Px,X,1],C=Coeff [Px,X,2],D=Coeff[Px,x,3]},
Dx (d+exx) *q*Sqrt[a+bxx"2+c*x"4]/ (Cx (q+2)) -
1/ (c*(q+2) ) *Int [ (d+exx) ~ (g-1) /Sqrt[a+b*x*2+c*xx"4] »
Simp [axDxexq-AxCxdx (q+2) + (bxdxD-BxCxd* (q+2) ~-AxC*xex* (q+2) ) *X+
(b#Dxex (q+1) -Cx (Cxd+Bxe) * (q+2) ) *X 2-Cx (dxD#q+Cxex (q+2) ) #x"3,x],x] ] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[Px,x,3] && NeQ[cx*d"4+bxd*2xe”2+axe”4,0] && GtQ[q,0]

Int[Px_= (d_+e_.*x_)”"q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{A=Coeff [Px,x,@],B=Coeff[Px,X,1],C=Coeff[Px,x,2],D=Coeff[Px,X,3]},
Dx (d+exx) *qxSqrt[a+cxx*4]/ (c* (q+2)) -
1/ (c*(q+2)) *Int [ (d+exx) ~ (q-1) /Sqrt[a+c*x™4] *
Simp[axDxexq-AxCxd* (q+2) -C* (Bxdx (q+2) +Axex (q+2) ) *X-C* (Cxd+Bxe) * (q+2) *Xx*2-Cx (d*Dxq+Cxex (q+2) ) *x*3,Xx] ,x] ] /5
FreeQ[{a,c,d,e},x] && PolyQ[Px,x,3] && NeQ[cxd"4+axe”4,0] && GtQ[q,9]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

(d+ex)? (A+Bx+Cx*+Dx?)
2:j dx whencd*+bd?e?+ae*#0 A q<-1

Va+bx?+cx*

Note: If a*p-cd?e+Bde?-Ae?= o, then PolynomialRemainder [A+Bx +Cx*>+DXx3, d+eX, X| =

Rule1.2.2.5.2.2.2:If cd*+bd?e?+ae*+0 A q< -1,then

(d+ex)9 (A+Bx+Cx*+Dx?)

dx —
Va+bx?+cx*
(d3D—Cd2e+Bde2—Ae3) (d+ex)9**Va+bx?+cx? 1 (d + e x) 9+1
- + .
(q+1) (cd*+bd?e? +ae?) (q+1) (cd*+bd’e*+ae*) J \/3,bx2+cx?

((q+1) (ae (d>D-Cde+Be®) +Ad (cd®*+be?)) -
(e(q+1) (Acd®*+ae(dD-Ce)) -Bd (cd® (q+1) +be* (q+2)) -b (d®>D-Cd’e-Ae® (q+2))) x+
(q+1) (De (bd*+ae®) +cd (Cd’-e (Bd-Ae))) X’ +
c(q+3) (d*pD-Ccd’e+Bde’-Ae’) x*) dx

Program code:

Int[Px_=(d_+e_.*x_)"q_/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With [ {A=Coeff [Px,x,@] ,B=Coeff[Px,X,1],C=Coeff[Px,x,2],D=Coeff[Px,X,3]},
- (d*3xD-Cxd”2xe+Bxdxe”2-Axe”3) x (d+exx) ~ (q+1) *Sqrt[a+b*xx*2+c*x*4] / ( (q+1) » (cxd*4+bxd"2xe*2+axe”4)) +
1/ ((q+1) * (cxd*4+bxd*2xe”2+axe™4) ) x
Int[ ((d+exx)"(q+1) /Sqrt[a+bxx"2+c*x"4])
Simp[ (q+1) » (axe* (d*2xD-Cxdxe+Bxe”2) +Axdx (cxd*2+bxe”2)) -
(ex (q+1) » (Axcxd”2+axex (dxD-Cxe) ) -Bxd* (cxd"2x (q+1) +bxe”2x (q+2) ) -b* (d*3xD-Cxd"2xe-Axe” 3% (q+2) ) ) *X +
(q+1) » (Dxex (bxd*2+axe”2) +cxd* (Cxd*2-ex (Bxd-Axe) ) ) *x*2 +
C* (q+3) * (d*3%D-C+d"2+e+Bxdxe 2-Axe3) »x"3,x],x| | /;
FreeQ[{a,b,c,d,e},x] & & PolyQ[Px,x] && LeQ[Expon[Px,x],3] && NeQ[cxd*4+bxd*2xe”2+axe”4,0] && LtQ[q,-1]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

Int[Px_=x(d_+e_.*x_)"q_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With [ {A=Coeff [Px,x,@] ,B=Coeff[Px,X,1],C=Coeff[Px,x,2],D=Coeff[Px,X,3]},
- (d*3xD-Cxd”2xe+Bxdxe”2-Axe”3) x (d+exx) * (q+1) *Sqrt[a+c*xx"4]/ ((q+1) * (cxd*4+axe™4)) +
1/ ((q+1) * (cxd d+axen4) ) *
Int[ ((d+exx)”(q+1)/Sqrt[a+cxx4])«
Simp[ (q+1) » (axe* (d*2xD-Cxdxe+Bxe”2) +Axd* (cxd"2)) -
(ex (q+1) * (Axcxd*2+axex (dxD-Cxe) ) -Bxd* (c*d*2x (q+1)) ) *x +
(q+1) » (Dxex (axe”2) +c*xd* (Cxd*2-ex (Bxd-Axe)) ) *x"2 +
Cx (q+3) » (d"3+D-Cxd"2xe+Bxdxe"2-Axe”3) #x"3,x],x]] /;
FreeQ[{a,c,d,e},x] && PolyQ[Px,x] && LeQ[Expon[Px,x],3] && NeQ[cxd*4+axe”4,0] && LtQ[q,-1]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

dx when cd*+bd%e?+ae*#0

3 J‘ A+Bx+Cx2+Dx3

(d+ex) Va+bx2+cxt

A+BXx
1: J dx whenBd-Ae#0 A c2d®+ae? (13cd2+be2) =0 A b2e*-12cd? (cdz—bez) ==0A4Acde+B(2cd2-be2) =0
(d +ex)

Va+bx?+cx*

Derivation: Integration by substitution

Basis: If
c?d®+ae? (13cd*+be’) =0 A b’e*-12cd* (cd®-be?) =0 A 4Acde+B (2cd®-be?) = 0,then
A+B X __ A2 (BdiAe) Subst{ 1 X (A+B x)2 } 5 (A+B x)2
(dvex) Va+sbxZrcx* e 6A°Bd+3A%e-aex?”’ 77 \aibxZicxd X asbxZic X8
 Rulel12292.L:fBd-Ae+0 A c2d+ae* (13cd’+be?) =0 A _then
b’e*-12cd® (cd®>-be’) =0 A4Acde+B (2cd’-be?) =
J« A+BX dx _A2 (Bd+Ae) Subst[J 3 14 _ax, x, (A+Bx)?2
(d+ex) Va+bx?+cx? € 6A°Bd+3A"e-aex Va+bx?+cx*

Program code:

Int[ (A_+B_.*x_)/ ((d_+e_.*x_)*Sqrt[a_+b_.*x_"2+c_.*x_"4]) ,x_Symbol] :=
-A"2% (Bxd+Axe) /exSubst [Int[1/ (6xA*3xBxd+3xA4xe-axexx"2) ,Xx],X, (A+Bxx)~2/Sqrt[a+bxx"2+cxx"4]] /;
FreeQ[{a,b,c,d,e,A,B},x] & NeQ[Bxd-Axe,0] &% EqQ[c”2xd"6+axe”4x (13xcxd*2+bxe”2),0] &&
EqQ[b"2xe”4-12xc*xd"2x (cxd*2-bxe”2) ,0] && EqQ[4*xAxcxdxe+Bx (2xcxd*2-bxe”2),0]



Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

dx whencd*+bd?’e?2+ae*#0

2. J A+Bx+Cx2+Dx3

(d+ex) Va+bx?+cx*

Derivation: Algebraic expansion

Basis: AtBx:Cx2:Dx3 __ X [Bd-Aes(dDCe)x’) Adi(CdBe)x’Dex
’ d+e x - d?2-e? x2 d2-e? x?

Rule1.2.2.5.2.2.2:If c d* + bd? e? + a e* # 0, then

&{ A+BX+Cx2+DX k{ (Bd-Ae+ (dD-Ce) x2) J‘Ad+(Cd Be) x2-Dex

dx — dx + dx
(d+ex) Va+bx?+cx? Va+bx?+cxt (d?-e*x?) Va+bx?+cx*
Program code:

Int[Px_/ ((d_+e_.*x_)*Sqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=

With[{A=Coeff [Px,x,0] ,B=Coeff[Px,X,1],C=Coeff [Px,x,2],D=Coeff[Px,X,3]},

Int[ (x* (Bxd-Axe+ (d*D-Cxe) +x”2) ) / ( (d*2-e72+x"2) *Sqrt [a+b+x 2+Cc*Xx*4]) ,X] +

Int[ (Axd+ (Cxd-Bxe) xx*2-Dxexx”"4) / ( (d*2-e”2xx"2) x*Sqrt [a+bxx*2+cxx"4]) ,Xx] ] /3
FreeQ[{a,b,c,d,e},x] & & PolyQ[Px,x] && LeQ[Expon[Px,x],3] && NeQ[cxd*4+bxd*2xe”2+axe”4,0]

Int[Px_/ ((d_+e_.*x_)*Sqrt[a_+c_.xx_"4]),x_Symbol] :=
With [ {A=Coeff [Px,x,@] ,B=Coeff[Px,X,1],C=Coeff[Px,x,2],D=Coeff[Px,X,3]},
Int[ (x* (Bxd-Axe+ (dxD-Cxe) xx*2) ) / ( (d*2-e”*2xx"2) *Sqrt[a+c*xx"4]) ,Xx] +
Int[ (Axd+ (Cxd-Bxe) xx"2-Dxexx”"4) / ( (d*2-e”2xx"2) x*Sqrt [a+c*x*4]) ,X] ] /5
FreeQ[{a,c,d,e},x] && PolyQ[Px,x] && LeQ[Expon[Px,x],3] && NeQ[cxd*4+axe”4,0]
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Rules for integrands of the form P(x) (d+e x)~q (a+b x~2+c x"4)"p

3

PIx] (a+bx*+cx*)®

dx whenp+tez
d+ex 2

Derivation: Algebraic expansion

Basis; - .. —4 _ _ _ex
d+e x

d2-e? x2 d2-e? x2

Rule 1.2.2.9.1:1f p + 2 € Z, then

J-P[x] (a+bx2+cx4)pdlx ClJ«P[x] (a+bx2+cx4)pd]x eJ-xP[x] (a+bx2+cx4)pd]x
_ _

d+ex d? - e2 x? d? - e? x?

Program code:

Int[Px_x (a_+b_.*x_"2+c_.*x_"4)"p_./(d_+e_.*x_),x_Symbol] :=
d*Int [Px* (a+b*Xx*2+c*x"4) *p/ (d*2-e”2xx"2) ,x] - e*xInt[Xx*xPx* (a+bxx"2+c*x"4) p/ (d*2-e*2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[Px,x] && IntegerQ[p+1/2]

Int[Px_x (a_+c_.*x_"4)"p_./ (d_+e_.*x_),x_Symbol] :=
dxInt [Px* (a+C*X"4)~p/ (d*2-e"2%x"2) ,x] - e*Int[x*Px* (a+cxx"4)"p/ (d*2-e"2xx"2),x] /;
FreeQ[{a,c,d,e},x] && PolyQ[Px,x] && IntegerQ[p+1/2]
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